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Nuclear double beta decays
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• 2ν ββ-decay  

• 0ν ββ-decay   

second order process

• Neutrino

Majorana or Dirac nature?

• Neutrino Mass

• Lepton number conservation 

Avignone, et al., RMP 80, 481(2008)

!
"𝑋 → !#$

"𝑌 + 2𝑒% + 2�̅�& T!/#~10!$%#&yr

• Experimentally observed

• Benchmark nuclear models for

further study of 0ν ββ-decay   

A. S. Barabash, Phys. Rev. C 81, 035501 (2010)

!
"𝑋 → !#$

"𝑌 + 2𝑒% T!/# > 10#'yr
GERDA Collaboration, Phys. Rev. Lett. 125, 252502 (2020)

Furry, Phys. Rev. 56, 1184 (1939)

M. G. Mayer, Phys. Rev. 48, 512 (1935)



Candidate nuclei for ββ-decay
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• ββ-decay candidates:  

<无中微子双贝塔衰变实验> 科学出版社(2020)

Haxton, PPNP 12, 409 (1984)

ü even-even nucleus (Z,A)
ü pairing forces make it more bound 

than its (Z+1, A) neighbor, but less so 
than the (Z+2,A) nuclide. 

Experimentally observed 2n2b



Nuclear Matrix Element (NME) of 2ν ββ decay
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𝑇'/$$)
%' = 𝐺$)𝑔"* 𝑀+,

$) $

ü 𝐺#( (𝑄𝛽𝛽, 𝑍): phase space factor
kinetics calculation

J. Kotila and F. Iachello, Phys. Rev. C 85, 034316 (2012)
S. Stoica and M. Mirea, Phys. Rev. C 88, 037303(2013)

• 2ν ββ decay half-life and NMEs

K: 母核

K’: 子核

N: 中间核

§ majority nuclei : < 1%
§ 96Zr 100Mo 116Cd: ~ 4%-6%
A. S. Barabash, Phys. Rev. C 81, 035501 (2010)

J. Suhonen and O. Civitarese, Phys. Rep. 300, 123(1998)

ü Nuclear Matrix Element (NME)
Lowest-order transition operators:
Fermi: forbidden by isospin conservation
Gamow-Teller (GT): allowed

“Experimental” NMEs

A. S. Barabash, Nucl. Phys. A 935, 52 (2015)

A. S. Barabash, Phys. Rev. C 81, 035501 (2010)



Nuclear Models for 2nββ-decay 
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ü Shell Model

ü QRPA

ü Projected HFB

ü Interacting Boson Model

E. Caurier, F. Nowacki, and A. Poves, Phys. Lett. B 711, 62 (2012)

M. T. Mustonen and J. Engel, Phys. Rev. C 87, 064302 (2013)

J. Suhonen and O. Civitarese, Phys. Rep. 300, 123 (1998)

A. Faessler and F. Simkovic, J. Phys. G 24, 2139 (1998)

R. Alvarez-Rodriguez, P. Sarriguren, et al. Phys. Rev. C 70, 064309 (2004)

H.-T. Li, and Z.-Z. Ren, Phys. Rev. C 96, 065503 (2017)
B. A. Brown, D. L. Fang, and M. Horoi, Phys. Rev. C 92, 041301 (2015)

R. Chandra, J. Singh, et al., Eur. Phys. J. A 23, 223 (2005)
*Angular momentum projection for deformation

B. M. Dixit, P. K. Rath, and P. K. Raina, Phys. Rev. C 65, 034311 (2002)

J. Barea, J. Kotila, F. Iachello, Phys. Rev. C 91, 034304 (2015)

R. A. Senkov and M. Horoi, Phys. Rev. C 90, 051301R (2014)

p Theoretical model in 2νββ:



Quasiparticle Random Phase Approximation (QRPA)
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QRPA: widely used for the description of spin-isospin excitations

Johnson, Koonin, et al., 1992; Koonin et al., 1997) allows
calculation of nuclear properties as thermal averages,
employing the Hubbard-Stratonovich transformation to
rewrite the two-body parts of the residual interaction by
integrals over fluctuating auxiliary fields. The integra-
tions are performed by Monte Carlo techniques, making
the SMMC method available for basically unrestricted
model spaces. While the strength of the SMMC method
is the study of nuclear properties at finite temperature, it
does not allow for detailed nuclear spectroscopy.

The evaluation of nuclear matrix elements for the
Fermi operator is straightforward. The Gamow-Teller
operator connects Slater determinants within a model
space spanned by a single harmonic-oscillator shell (0!"
space). The shell model is then the method of choice for
calculating the nuclear states involved in weak-
interaction processes dominated by allowed transitions,
as complete or sufficiently converged truncated calcula-
tions are now possible for such 0!" model spaces. The
practical calculation of the Gamow-Teller distribution is
achieved by adopting the Lanczos method (Wilkinson,
1965), as proposed by Whitehead (1980; see also Langa-
nke and Poves, 2000; Poves and Nowacki, 2001).

The calculation of forbidden transitions, however, in-
volves nuclear transitions between different harmonic-
oscillator shells and thus requires multi-!" model
spaces. These are currently feasible only for light nuclei
where ab initio shell-model calculations are possible
(Navrátil et al., 2000; Caurier et al., 2001). Such multi-!"
calculations have been used for the calculation of neu-
trino scattering from 12C (Hayes and Towner, 2000;
Volpe et al., 2000). However, for heavier nuclei one has
to rely on more strongly truncated nuclear models. As
the kinematics of stellar weak-interaction processes are
often such that forbidden transitions are dominated by
the collective response of the nucleus, the random-phase
approximation (RPA; Rowe, 1968) is usually the method

of choice (Fig. 2). Another advantage of this method is
that, in contrast to the shell model, it allows for global
calculations of these processes for the many nuclei often
involved in nuclear networks. An illustrative example is
the evaluation of nuclear half-lives based on the calcu-
lation of the Gamow-Teller strength function within the
quasiparticle RPA model (Krumlinde and Möller, 1984;
Möller and Randrup, 1990). The RPA method considers
the residual correlations among nucleons via one-
particle/one-hole (1p-1h) excitations in large multi-!"
model spaces. The neglect of higher-order correlations
renders the RPA method inferior to the shell model, for
matrix elements between individual, noncollective
states. A prominent example is the Gamow-Teller tran-
sition from the 12C ground state to the T!1 triad in the
A!12 nuclei (see, for example, Engel et al., 1996).
While the shell model is able to reproduce the Gamow-
Teller matrix element between these states (Cohen and
Kurath, 1965; Warburton and Brown, 1992), RPA calcu-
lations miss an important part of the nucleon correla-
tions and overestimate these matrix elements by about a
factor of 2 (Kolbe et al., 1994; Engel et al., 1996). Recent
developments have extended the RPA method to in-
clude the complete set of 2p-2h excitations in a given
model space (Drożdż et al., 1990). Such 2p-2h RPA
models have, however, not yet been applied to semilep-
tonic weak processes in stars. Moreover, the RPA allows
for the proper treatment of the momentum dependence
in the different multipole operators, as it can be impor-
tant in certain stellar neutrino-nucleus processes (see be-
low), and for the inclusion of the continuum (Buballa
et al., 1991). Detailed studies indicate that standard and
continuum RPA calculations yield nearly the same re-
sults for total semileptonic cross sections (Kolbe et al.,
2000). This is related to the fact that both RPA versions
obey the same sum rules. The RPA has also been ex-
tended to deal with partial occupation of the orbits so
that configuration mixing in the same shell is included
schematically (Rowe, 1968; Kolbe, Langanke, and Vo-
gel, 1999).

III. HYDROGEN BURNING AND SOLAR NEUTRINOS

The tale of the solar neutrinos and their ‘‘famous’’
problem took an exciting turn from its original goal of
measuring the central temperature of the sun to provid-
ing convincing evidence for neutrino oscillations, thus
opening the door to physics beyond the standard model
of the weak interaction. In 1946, Pontecorvo suggested
(Pontecorvo, 1946, 1991; later independently proposed
by Álvarez, 1949) that chlorine would be a good detec-
tor material for neutrinos. Subsequently, in the 1950s,
Davis built a radiochemical neutrino detector which ob-
served reactor neutrinos via the 37Cl(#e ,e")37Ar reac-
tion (Davis, 1955). After the 3He($ ,%)7Be cross section
at low energies had been found to be significantly larger
than expected (Holmgren and Johnston, 1958) and,
slightly later, the 7Be(p ,%)8B cross section at low ener-
gies had been measured (Kavanagh, 1960), it became
clear that the Sun should also operate by what are now

FIG. 2. (Color in online edition) The most commonly used
nuclear models for the calculation of weak processes in stars
are the random-phase aproximation (RPA) and the shell
model (SM). In the RPA, the basis states are characterized by
particle-hole excitations around a given configuration (typi-
cally a closed-shell nucleus). In the shell model, all the possible
two-body correlations in a given valence space are considered.
Excitations from the core or outside the model space are ne-
glected, but this effect can be included perturbatively using
effective interactions and operators.

823K. Langanke and G. Martı́nez-Pinedo: Nuclear weak-interaction processes in stars

Rev. Mod. Phys., Vol. 75, No. 3, July 2003

• The RPA excited state is generated by

ü Full 1p1h configuration space  ⇒
almost whole nuclear chart 

GT
-

GT
+

1) /𝑂*+% 0) = − 0) /𝑂*+) 1) ∗

ü No closure approximation when
calculating NME of 2νββ



Quasiparticle Random Phase Approximation (QRPA)
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• β-decay based on relativistic density
functional

ü β-decay half-lives for 5409 nuclei

ü self-consistent

ü Similar accuracy as FRDM+QRPA

Marketin, et al., PRC 93, 025805 (2016)

• Self-consistent QRPA approach:
the same interaction is used for ground state and excited states calculation

ℎ,,! =
𝛿𝐸-.
𝛿𝜌,,!

, 𝑉/01.
34,67 = 8"9#$

8:%&8:'(
, EHF = < Φ | Heff | Φ >.where

ü Successful applications in β-decay and electron-capture calculations:
• Electron capture based on Skyrme

density functional

ü Electron capture rates

ü self-consistent

ü Good agreement with shell model

Fantina, et al., PRC 86, 035805 (2012)
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• NME of 2νββ studied by Skyrme QRPA
ü Deformation effect on the NME

P. Sarriguren, Phys. Rev. C 86, 034335 (2012)

D. N. Nicolas and P. Sarriguren, Phys. Rev. C 91, 024317 (2015)

ü Single- and low-lying-states dominance hypotheses (SSDH/LLDH)
O. Moreno, et al., J. Phys. G 36, 015106 (2009)

P. Sarriguren, O. Moreno, and E.Moya de Guerra, Adv. HEP  (2016)

ü Attempt to remove the uncertainty of 𝑔; and the strength of IS pairing
J. Terasaki, and Y. Iwata, Phys. Rev. C 100, 034325 (2019)

Quasiparticle Random Phase Approximation (QRPA)

• NME of 2νββ studied by Relativistic QRPA

ü RMF-BCS+RQRPA with parameter set NL1:
only NME values for 6 nuclei are reported

Conti, Krmptoic and Carlson, Proceedings of Science, XXXIV BWNP 126 (2011)



2nββ: SSDH/LLDH
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• Single- and low-lying-states dominance hypotheses (SSDH/LLDH):

The decay rate of the two-neutrino 2𝜈ββ decay to the final ground
state is determined by virtual single-β-decay transitions via the ground
state/low-lying states of the intermediate nucleus. J. Abad, et al., Ann. Fis. A 80, 9 (1984)

ü Avoid the tremendous summation.

ü Directly calculate the NME from the 𝛽% or EC experimental data.

A. Garcia, et al., Phys. Rev. C 47, 2910 (1993)

H. Akimune, et al., Phys. Lett. B 394, 23 (1997)

LBNL collaboration calculate the 2𝜈ββ half-life of 100Mo(g.s.) -> 
100Ru(g.s.) with the EC of 100Tc -> 100Mo and the 𝛽% of 100Tc -> 100Ru. 
They get 9.7 ± 4.9 ×10!$ yr.  [ 7.1 ± 0.4 ×10#$ yr, Barabash2010]

SSDH:

LLDH:



2nββ: SSDH/LLDH
• Mechanism of SSDH/LLDH:

1. only g.s. or low-lying state(s)

ü Shell model M. Horoi, S. Stoica, and B. A. Brown, Phys. Rev. C 75, 034303 (2007)

H. Nakada, T. Seba, and K. Muto, Nucl. Phys. A 607, 235 (1996)

2. cancellation between higher lying states

H. Ejiri and H. Toki, J. Phys. Soc. Japan 65, 7 (1996)

F. Simkovic, A. Smetana, and P. Vogel, Phys. Rev. C 98, 064325 (2018)



2nββ: SSDH/LLDH
• Mechanism of SSDH/LLDH:

1. only g.s. or low-lying state(s) H. Nakada, T. Seba, and K. Muto, Nucl. Phys. A 607, 235 (1996)

2. cancellation between higher lying states

H. Ejiri and H. Toki, J. Phys. Soc. Japan 65, 7 (1996)

F. Simkovic, A. Smetana, and P. Vogel, Phys. Rev. C 98, 064325 (2018)

ü Spherical and deformed QRPA D. L. Fang, et al., Phys. Rev. C 81, 037303 (2010)

*Expt: 𝑀!"
#$ = 0.14 MeV%&



2nββ: SSDH/LLDH
• Mechanism of SSDH/LLDH:

1. only g.s. or low-lying state(s) H. Nakada, T. Seba, and K. Muto, Nucl. Phys. A 607, 235 (1996)

2. cancellation between higher lying states

H. Ejiri and H. Toki, J. Phys. Soc. Japan 65, 7 (1996)

F. Simkovic, A. Smetana, and P. Vogel, Phys. Rev. C 98, 064325 (2018)

ü A natural question:

Why do the high-lying states give

negative contributions such that the

SSDH/LLDH is valid?



Aim of this work
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• Within the framework of HFB + QRPA based on Skyrme density functional

• Within the framework of RHB + QRPA based on relativistic density functional

ü To calculate the NMEs of 2nββ systematically

ü To study the dependence of isoscalar pairing strength, and determine the

proper values by comparing with exp. data

ü To reveal the mechanism of SSDH/LLDH by understanding the cancellation

from higher lying states

ü To calculate the NMEs of 2nββ systematically for the first time

ü To study the dependence of isoscalar pairing strength, and determine the

proper values by comparing with exp. data
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Formalism: QRPA
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ü Transition amplitude:

• Charge exchange QRPA in canonical basis

* B = 0 for QTDA

𝑙, 𝑘 for proton
𝑙<, 𝑘< for neutron

X term Y term



Formalism: Isoscalar pairing
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• Isoscalar pairing

(IS)

(IV)

C. L. Bai, et al., Phys. Rev. C 90, 054335 (2014)
Y. F. Niu, et al., Phys. Lett. B 780, 325 (2018)

1. No experimental constraint on isoscalar pairing

(𝑓=> is free)

2. Important for 𝐵 GT% , b-decay half-lives and 𝑀+,
$) .

M. K. Cheoun, et al., Nucl. Phys A 561, 74 (1993)

IS



Formalism: Overlap factor
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|16&
) 〉 and |16)

) 〉 calculated from initial and final nucleus are not normal orthogonal. 

𝐶,),&: overlap between s.p. wavefunctions

• Overlap factor



Formalism: Energy denominator
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• Energy denominator

Ω: eigenvalue of QRPA
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Numerical details
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n HFB:

2. Surface pairing, fit the experimental mean pairing gap

5. 𝑗?@A = 21/2

1. Single-particle energy: 𝜀B.C. < 60.0 MeV

2. 𝑢D𝑣6 > 10%E and 𝑢6𝑣D > 10%&

1. For each QRPA state, the ph configuration with 𝑋DF# − 𝑌DF# > 10%' is considered.

n QRPA:

n 𝑀*+
,-

4. 𝐸GHI = 80.0 MeV (Quasiparticle energy)

3. Diffuseness parameter of pairing window: 0.1 MeV

1. Skyrme interaction: SkO’



NME of 2𝜈ββ
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• Dependence of NME on isoscalar pairing strength

Exp. data from A. S. Barabash, Nucl. Phys. A 935, 52 (2015)



Running sum of NME
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• Running sum of NME as a function of excitation energy of intermediate states

fIS is taken at the
value that reproduces
exp. data (or close)

fIS=0.7 fIS=1.2 fIS=1.2

fIS=0
fIS=1.28 fIS=0

fIS=1.2 fIS=1.2 fIS=1.0

fIS=1.25 fIS=1.2



Isoscalar pairing strength and SSDH/LLDH
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The upper limit of energy of LLD is 5MeV, except for 82Se (2 states only).

ü SSD nuclei: 48Ca, 76Ge, 128Te, 130Te, 238U 

ü LLD nuclei: 82Se, 100Mo, 116Cd

*𝑔' = 1.273 is used to calculate the expt. 𝑀!"
#$

Exp. data from A. S. Barabash, Nucl. Phys. A 935, 52 (2015)



SSDH mechanism: ground-state correlation
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𝑀*+
#( [MeV-1] Expt. Theo. (All 1)) Theo. (1!) )

128Te 0.056 0.037 0.040

• Single-state dominance

ü NME is decreased.

ü With the increase of 𝑓=>, NME decreases monotonously

ü Negative contributions appear in 10.0-12.5MeV of int. nucleus at fIS=1.2.

• QRPA vs. QTDA

With the inclusion of ground-state correlation Y term:

fIS = 1.2



SSDH mechanism: ground-state correlation
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• Single-state dominance

• QRPA vs. QTDA

SSDH mechanism

Negative contributions of higher lying states
caused by ground-state correlation Y term

fIS = 1.2

𝑀*+
#( [MeV-1] Expt. Theo. (All 1)) Theo. (1!) )

128Te 0.056 0.037 0.040
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SSDH mechanism: ground-state correlation
• How does ground-state correlation influence the NME?

𝐵(GT)) of QRPA are quite small.𝐵(GT%) of QRPA and QTDA are similar.

Ground-state correlation 𝑌DF mainly influences the  GT) transition.
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SSDH mechanism: ground-state correlation
• How does ground-state correlation make negative contribution?

QRPA Eq: −𝐵𝑋 = 𝐴 + Ω 𝑌

attractive
repulsive

P. Vogel and M. R. Zirnbauer, Phys. Rev. Lett. 57, 3148(1986)
O. Civitarese, Amand Faessler and T. Tomoda, Phys. Lett. B 194, 11(1987)

ü Both (𝐴 + Ω) and 𝐵 are positive. 
𝑋 and 𝑌 are of opposite sign.

ü 𝐵 get large with the increase of 𝑓=>
|𝑌| will approach to 𝑋
GT transition amplitude becomes smaller
NME decreases with increasing 𝑓=>
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SSDH mechanism: ground-state correlation
• How does ground-state correlation make negative contribution?

ü At large 𝑓=>:
|𝑌| is increased negative contribution of higher-lying states

ü 〈1JKI) ||GT)||0L)〉 is sensitive to 𝑌DF, 
and its sign changes for higher-lying
states.

ü 〈1JKI) ||GT%||0J)〉 is almost 
independent from 𝑌DF

The sign of GT+ amplitude will change for higher-lying states
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SSDH mechanism: ground-state correlation
• Why does ground-state correlation play its role through GT+?

128Te: neutron-rich nucleus

ü GT+ transitions: completely
blocked at mean-field level

ü pairing correlation: unblock the
transition through X term

ü Ground-state correlation:
block/unblock the transition
through Y term

GT+ is sensitive to ground-state
correlation
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Numerical details
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n RHB:

2. Gogny pairing force D1S

1. Single-particle energy in Fermi sea: 𝜀B.C. < 200.0 MeV

2. 𝑢D𝑣6 > 10%# and 𝑢6𝑣D > 10%#

1. For each QRPA state, the ph configuration with 𝑋DF# − 𝑌DF# > 10%' is 
considered.

n QRPA:

n 𝑀*+
,-

3. Harmonic oscillator basis Nmax=20

1. Density dependent meson-exchange interaction: DD-ME1 DD-ME2

2. Single-particle energy in Dirac sea: 𝜀B.C. ≻ −2000.0 MeV

𝜓M
N 𝜓O

4 = − 𝑎M
N𝑎O

4 ) − = 𝛿MO

2. Single-particle wavefunctions of initial and final state are assumed to be the same



NME of 2𝜈ββ
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• Dependence of NME on isoscalar pairing strength



Running sum of NME
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• Running sum of NME as a function of excitation energy of
intermediate states



Isoscalar pairing strength
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• The isoscalar pairing strengths determined by experimental NME values

Z. M. Niu et al. Phys. Lett. B 723, 172 (2013)

• The empirical isoscalar pairing strength formula proposed by fitting b-decay half-lives

This formula is not good for 2n2b decay
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Summary and Perspectives
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With the spherical Skyrme QRPA model:

1. 11 observed 2νββ NME are calculated. The isoscalar pairing strengths are 
suggested.

2. Comparison between QTDA and QRPA is implemented. The ground-state 
correlation in QRPA largely suppresses the NME. 

3. The cancellation mechanism of SSDH is studied. The isoscalar pairing could 
enlarge the ground state correlation so as to change the sign of GT+ transition 
amplitude.

With the spherical Relativistic QRPA model:

1. 6 observed 2νββ NME are calculated. The isoscalar pairing strengths are 
suggested, and compared with empirical formulas for β decay.

2. SSDH/LDSH nuclei are summarized.



Summary and Perspectives
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Perspective

• Within QRPA approach
ü 0ν ββ-decay matrix elements
ü Deformation effect

• Going beyond QRPA : QRPA+QPVC
ü 2ν ββ-decay matrix elements
ü 0ν ββ-decay matrix elements
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Numerical details
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n Mean pairing gap:



Numerical details
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n Convergence check:

𝐸PQR = 80MeV; 𝜀PQ = 60MeV is stable enough.



Numerical details
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n Convergence check:

The occupation amplitude cut-off in QRPA 𝑢𝑣 > 10%& is stable enough.
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Numerical details

n Convergence check:

For each QRPA state, the ph configuration with 𝑋DF# − 𝑌DF# > 10%' is considered.



Potential application in 0νββ decay
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• Nuclear Matrix Element (NME) of 0νββ

where
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SSDH mechanism: ground-state correlation
• How do ground-state correlation make negative contribution?

ü At large 𝑓=>:
|𝑌| is close to 𝑋 negative contribution of higher-lying states
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SSDH mechanism: ground-state correlation
• How do ground-state correlation influence the NME?

𝐵(GT)) of QRPA are quite small.𝐵(GT%) of QRPA and QTDA are similar.

Ground-state correlation 𝑌DF mainly influences the  GT) transition.
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SSDH mechanism: ground-state correlation
• How do ground-state correlation make negative contribution?

ü At large 𝑓=>:
|𝑌| is increased negative contribution of higher-lying states
The sign of GT+ amplitude will change for higher-lying states

ü 〈1JKI) ||GT)||0L)〉 is sensitive to 𝑌DF, 
and its sign changes for higher-lying
states.

ü 〈1JKI) ||GT%||0J)〉 is almost 
independent from 𝑌DF



Running sum of NME
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• Running sum of NME as a function of excitation energy of
intermediate states

fIS is taken at the value that reproduces exp. data (or close)

fIS=0.7 fIS=1.2 fIS=1.2

fIS=0

fIS=1.28 fIS=0



Running sum of NME
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• Running sum of NME as a function of excitation energy of
intermediate states

fIS is taken at the value that reproduces exp. data (or close)

fIS=1.2 fIS=1.2 fIS=1.0

fIS=1.25 fIS=1.2



Isoscalar pairing strength and SSDH/LLDH
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The upper limit of energy of LLD is 5MeV, except for 82Se (2 states only).

ü SSD nuclei: 48Ca, 76Ge, 128Te, 130Te, 238U 

ü LLD nuclei: 82Se, 100Mo, 116Cd

*𝑔' = 1.273 is used to calculate the expt. 𝑀!"
#$

Exp. data from A. S. Barabash, Nucl. Phys. A 935, 52 (2015)

(0.21)

(0.14) (0.024)

Exp. data of SSD from O. Moreno, et al., J. Phys. G 36, 015106 (2009)
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SSDH mechanism: ground-state correlation
• Why does ground-state correlation play its role through GT+?

128Te: neutron-rich nucleus

ü GT+ transitions: completely
blocked at mean-field level

ü pairing correlation: unblock the
transition through X term

ü Ground-state correlation:
block/unblock the transition
through Y term

GT+ is sensitive to ground-state
correlation



SSDH/LSDH
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The upper limit of energy of LLD is 5MeV, except for 130Te (E<1.8 MeV)

ü SSD nuclei: 100Mo

ü LLD nuclei: 76Ge, 82Se, 128Te, 130Te ,136Xe



NME vs. 𝑓!" : 96Zr and 100Mo
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2𝜈𝛽𝛽 through the 1st intermediate state. The similar case appears in 116Cd.
100Mo当𝑓=>超过1.25后下降主要是因为更高能级的抵消。
116Cd 的图没有画，因为中间核前几个态对矩阵元贡献近似为0
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迅速上升Overlap = 0.361 

迅速下降
Overlap = 0.878


